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ACOUSTIC  PROPAGATION IN A REFRACTING OCEAN 
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Naval Ocean Research and Development Activity, NSTL, MS 39529, U.S.A. 
Abstract- -A method is derived for computing the acoustic field in a cylindrically symmetric ocean with 
an irregular water-sediment i erface and a general depth-dependent sound-speed profile. The approach 
is based on a stepwise-coupled mode solution which was originally developed for a homogeneous water 
column. The extension to a general sound-speed profile is carried out with the aid of Galerkin's method. 
Numerical examples are given for a shallow-water waveguide with an upward-refracting sound-speed 
profile. The first example shows that propagation loss is significantly greater in a rough-bottomed 
waveguide than in a smooth-bottomed waveguide. In the second example, it is shown that upward 
refraction reduces the effect of bottom roughness on sound propagation by reducing the insonification 
of the rough water-sediment i terface. 
INTRODUCTION 
Acoustic propagation i a three-dimensional ocean waveguide is described by an elliptic partial 
differential equation with variable, possibly complex, coefficients. We shall consider the cy- 
lindrically symmetric ase with complex coefficients which vary with range and depth. The 
approach used is a generalization f separation of variables and yields a solution for the range- 
dependent elliptic problem. 
Although it is possible in some cases to approximate he elliptic boundary value problem 
with a parabolic initial value problem[ 1] and apply direct numerical methods, the large expanse 
of ocean in which the solution is desired usually precludes the application of direct numerical 
methods (e.g. finite differences or finite elements) to the elliptic problem. If the assumption is
made that the medium is range independent (horizontally stratified), then analytic techniques, 
such as separation of variables, can be used to obtain an exact solution of the elliptic problem 
in terms of normal modes (see [2], for example). 
The normal-mode solution was formally generalized to the range-dependent case by Pierce[3], 
using "local" modes. This generalization leads to a coupled system of ordinary differential 
equations for the amplitudes of the local modes. Pierce proposed an adiabatic approximation 
to the solution of the coupled differential equations which has been useful[4] when the range 
dependence is gradual. The direct solution of the coupled ordinary differential equations, called 
coupled modes, has proven difficult. Rutherford and Hawker[5] have shown that coupled modes 
may fail to conserve nergy over penetrable or rigid sloping bottoms and have developed a
first-order correction which they applied to a rigid sloping bottom. Recently, Boyles[6] has 
proposed a coupled-mode approach to treat variations of the ocean's free surface. 
The method of stepwise coupled modes[7] concentrates on variations of the water depth 
and avoids the problem associated with sloping bottoms by using only horizontal and vertical 
interfaces. With the stepwise coupled mode method, one divides the ocean environment into 
many range-independent regions. In each region an exact solution is found by separation of 
variables and is matched to the solutions in adjacent regions. The method, which is an extension 
of the mode-matching technique used by Wait and Spies[8] for electromagnetic propagation, 
yields an efficient numerical algorithm. It has been successfully used to study upslope propa- 
gation[7] and periodic bottom roughness[9]. 
In this paper the stepwise-coupled-mode method is extended to allow a general sound 
velocity profile in the water column. The main complication associated with this extension is 
finding complex eigenvalues for each of the range-independent sections. To handle the problem, 
an appropriate orthonormal basis is chosen and Galerkin's method[ 10] is employed. In this way 
the search for complex eigenvalues i  replaced by a more tractable matrix eigenvalue problem. 
The extended method is applied to a shallow-water waveguide with an upward-refracting profile 
and a rough bottom. 
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1. STEPWISE-COUPLED MODES 
In this section the stepwise-coupled-mode th ory is extended to treat a general sound 
velocity profile in the water column. The solution is expressed as a sum of local modes with 
unknown coefficients which give the amplitudes of both outgoing and incoming waves. The 
coefficients evolve according to a propagator matrix-vector equation. The complete propagator 
matrix-vector equation together with the source condition and the radiation condition at infinite 
range yields a linear algebraic system of equations which can be solved for the unknown 
coefficients. 
A. Multiregion waveguide 
The time-harmonic complex pressure (e-i'~' factored out) resulting from a point source of 
circular frequency to and unit strength at range r = 0 and depth z = z0 in a cylindrically 
symmetric inhomogeneous ocean satisfies the wave equation 
pV- (p- lVP) + k2p = -6 (z  - Zo)~(r) 
2"trr 
(I) 
where p = p(r, z) is the density, k(r, z) = to/c(r, z) is the wave number and c(r, z) is the 
sound speed. 
Equation (1) is considered in the multiregion waveguide shown in Fig. 1. The waveguide 
consists of a sequence of regions which have depth hj and extent to range rj, where j = 
1 . . . . .  N (rN = ~). In each region the water column has density p,, and a sound-speed profile 
cw(z). Although a different sound velocity profile could be used in each region, for simplicity 
we take the profile to be the same (interpolated or extrapolated) for all regions. The sediment 
layer has density Pb and a complex sound speed given by cb(l + ei) -~'2. The quantity ei, which 
allows for attenuation i the bottom, is the imaginary part of the square of the complex index 
of refraction 
nb= (1 + ei) 1:2, 
where nb is computed relative to the real reference sound speed cb. All square roots that appear 
will be assumed to have nonnegative imaginary parts. 
For the problem in Fig. 1 the range dependence takes place discretely at the interfaces 
between regions, so that the wave number is given by 
i kw(z), 0 < z < hi, 
kj(z) = Lkb(l + ei) l:z, hj < z < H, 
where kw(z) = to/cw(z), kb = o~/cb. The density is 
J'Pw, 0 <z< hi, 
Pj  ( z )  I 
LPb, h i< z <H.  
The boundary conditions used with Eq. (1) are as follows. A pressure release surface is 
applied at z = 0 and at a depth z = H sufficiently far removed that attenuation i the bottom 
prevents ignificant energy from returning to the water column. The boundary condition at H 
provides a discrete approximation to the continuous pectrum. In the last region a radiation 
condition (i.e. an outgoing wave solution) is used as r ~ 2. 
B. Stepwise-coupled-mode formulation 
The stepwise-coupled-mode solution is formulated by expanding the complex acoustic 
pressure in each region in Fig. 1 as a sum of outgoing and incoming waves with unknown 
coefficients. In the jth region (j = 1 . . . . .  N) we have 
M 
P~(r z) = ~ [Aj,mHlj.,.(r) + Bj.mH2:,m(r)]6(z, h/,,.), (2) 
m= I 
Z 
Zo 
hi 
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r 
I=, 
pb, Cb(l+ Ei) #' 
.J 
rNl P=O 
nwZ(z) = CCw (Z ) 
hi 
n =l+ei 
H P=O 
Fig. 1. Multiregion waveguide. 
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where 
H~°')(ljmr) H2j,.(r) = H~°2)(l~"r) 
H lj ,.(r) - H~oJ)(lj.,.ri_ ]) (2) 
' ' " Ho  (l¢.=rj_ I) 
are ratios of Hankel functions of order zero, types one and two (rj_ ~ = r~ for j  = I is a special 
case). The complex number 
l . .  = kb(1 - ~7 .m)  1:2 
is the horizontal wave number for the rnth mode in the jth region. The form of the solution in 
Eq. (2) is obtained by applying separation of variables to the homogeneous counterpart of Eq. 
(1) in each region. The Hankel functions appear because the range-separated problem is a Bessel 
equation of order zero. The quantities X j.,, and functions O(z, Xj.,,) are the eigenvalues and 
eigenfunctions of the boundary value problem 
Ly = Xy, (3) 
y(0) = y(H) = 0, (4) 
y(hf  ) = y(h f  ), (5) 
t - -  ¢ + (l/p,,.)y (h~) = (1/pD3 (hi) .  (6) 
Equations (5) and (6) arise because the pressure and the z component of the particle velocity 
are continuous at h, respectively. The prime notation has been used in Eq. (6) to indicate 
differentiation with respect o z. The superscripts - and + indicate, respectively, the limits 
from above and below the water-sediment interface. The depth-dependent operator L is de- 
fined by 
-1  d 2 
~ + [1 - n~(-)], 0 < z < h,, 
L= 
-1  d 2 
+ [1 - n~,], 17 < z <H,  
dz: k~ 
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where 
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n,,.(z) = k , ( z ) /kb  
is the index of refraction in the water column. Note that since the density is constant in each 
layer, it does not appear explicitly in Eq. (3) (i.e. in L) but only in Eq. (6). 
In this analysis we will assume that the eigenfunctions of the boundary value problem. 
Eqs. (3)-(6), form a complete set for the space of complex-valued functions which satisfy Eq. 
(4) and are continuous and piecewise differentiable on the closed interval [0, H]. We further 
assume that the eigenfunctions can be normalized to satisfy the orthogonality relation[9] 
~ 1 
p~ O(z, kj.,,)~b(z, hi.,,) dz = 5 ...... 
where 5,.,, is the Kronecker delta function. The eigenvalues and eigenfunctions will be found 
by Galerkin's method, but we delay that discussion until the next section, so that we may 
complete the stepwise-coupled-mode solution. 
c .  Coef f i c ient  equat ions  
The equations atisfied by the unknown coefficients A and B are derived from the continuity 
conditions at each ri. The continuity of pressure and the radial component of the particle velocity 
can be expressed as 
P:(r;,  z) = P:~,( r : ,  z) 
and 
1 3P/ ( r / ,  z) _ 1 OP/+, ( r ,  z) 
p/(z) Or pj + i(z) Or 
To find the equations for the unknown coefficients, we substitute Eq. (2) into the above continuity 
conditions and apply the orthogonality relation. Then solving for the coefficients in region j + 
1 in terms of the coefficients in region j, we obtain 
1 M 
Z C Lm [-'9t,m R 
- I/+ i.,,A:.,, + "~-i~ i.,,~/ ..... (7) Aj+I., W/+t,. m=l 
-- 1 ~ /.m 
B/ . , . , ,  - W~+I,,. ,,,=, C3,+,. , ,A, .... + C~" , , ,B ,  ..... (8) 
where we have, for the sake of compactness, introduced the notation 
Wi+t.,, = Hl : . l . , , ( r , )  -- H2:.~l.,,(r:). 
Cl j÷ l  j'" . . . .  = H1]., ,(r i)CLR - H I , , , , ( r : )H2;_ t , , ( r j )CRL .  
C2J"-'t.,, = H2~.,,,(r/)CtR - H2,. , , ,(r:)H2:~ i, ,(r i)CRt ,, 
C31/~'1., = H1;., , ,(r l)Ct, ~ - H I , , , ( r , )H  1:+ I , , (c )CeL,  
C4J / ' l . ,  = H2;.,,,(r:)Ct.u - H2~, , , (G)H I :+ I , ( r j )CRt .  
The prime notation indicates a range derivative of the Hankel function ratios defined earlier. 
The C~.R and CRc are the coupling integrals between modes in region j and region j + 1 and 
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are defined by 
f lt  1 Ctn = ~ ~b(z, ki.,,)qb(z, hi+l,,) dz, 
f0 f 1 CRL = ~ d~(z, hj.,,)~b(z, hi+ I.,,) dz. pj+ ~(z) 
Equations (7) and (8) can be substantially simplified by using an identity[ 11 ] for the Wronskian 
of Hankel functions in Wi+ ~., and, provided rj is large, by using the large-argument asymptotic 
forms of the Hankel functions. 
Two remaining conditions are needed to completely determine the unknown coefficients. 
These conditions are the source condition in the first region (region 1 ) and the radiation condition 
in the last region (region N). The unknown coefficients in region 1 satisfy the source condition[7] 
i H~ot~(ll.,.r~) 
A,.,, = d~(z0, hi.,,) ~ H~o"(l,.,,r,) + B,.,, H~o2,(l,.,,r,) . (9) 
The source condition, after substitution into Eq. (2), can be interpreted as follows. The first 
term in Eq. (9) depending on z0 contains the source excitation of the waveguide and gives a 
particular (range-independent) solution to Eq. (1). The second term combines with the incoming 
wave in Eq. (2) to yield a solution of the homogeneous counterpart of Eq. (1) and appears 
because of the reflections from the interface at r~. The radiation condition states that in the last 
region the solution has the form of an outgoing wave. This is satisfied by insisting that all the 
Bs in the last region are zero (i.e. BN.,, = 0, m = 1 . . . . .  M). 
D. Propagator matrix solution 
We introduce matrix notation into Eqs. (7) and (8) to obtain 
_-r., ,,:::] r.,q, 
[a J * ' ]  LR3 u Lb j+ l  . LbA 
(10) 
where a / and b i are M >< 1 vectors containing the Ai.,,, and Bi.,,. The M x M matrices R~u, R,_u, 
R3,j and R~ u contain the coefficients of a t and b i from Eqs. (7) and (8) and form the 2M × 2M 
block propagator matrix[12] R i, which advances the vectors a and b from region j to region 
j + 1. The total propagator matrix which advances the vectors a and b from region 1 to region 
N is obtained by repeated application of Eq. (10). Thus, 
bx $3 S~J bl 
(11) 
The block matrix containing S], S_,, $3 and $4 is the product of the Rj for j = 1 . . . . .  
N -  1. 
The matrix-vector version of the source condition in Eq. (9) is written as 
al = d + Db~. (12) 
where d is an M × 1 vector representing the source excitation, and D is an M × M diagonal 
matrix containing the ratios of Hankel functions. The radiation condition, bx = O, requires 
[from Eq. (11)] S3a~ + S4b~ = O. Now using the source condition, Eq. (12), and the radiation 
condition we find, 
(S~ + S~D)bt = -S~d. (13) 
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Equation (13) is solved for b~ by Gaussian elimination with partial pivoting and iterative 
improvement. Then a~ is obtained from Eq. (12). The remaining coefficients are generated by 
using Eq. (10). The complex acoustic pressure is constructed from Eq. (2). Note that since the 
incoming wave should be zero in the last region, the value computed for b~, by using Eq. (10) 
serves as a check on the accuracy of the solution of Eq. (13). 
2. GALERKIN 'S  METHOD 
In this section Galerkin's method for finding eigenvalues and eigenfunctions i  applied to 
the complex eigenvalue problem one must solve to obtain the normal-mode solution in an 
attenuating medium. The usual method for finding eigenvalues reduces to finding the zeros of 
a characteristic function. When there is no attenuation the search is restricted to the real line 
and therefore can be implemented without difficulty. When there is attenuation, the search must 
be carried out in the complex plane and hence is substantially more complicated. Galerkin's 
method will be employed to avoid this complication. 
We start with a simple case which forms the basis for the application of Galerkin's method. 
Consider the case where the water column is homogeneous with sound speed, 6,, (6,, could be 
the average of cw(z)), and there is no attenuation i  the sediment (i.e. ~ = 0). In this case the 
wave number is (j dependence suppressed) 
k(z) = f {fq~' 0<z<h,  
L kb, h < z < H, 
where kw = tO/6w. The equation corresponding to Eq. (3) is 
Loy = yy. (14) 
The operator L0 is 
-1  d 2 
k 2 dz 2 
Lo= -Id_  
kb 2 dz 2 
~- -  + (1 - hl.), 0<z<h,  
+ (l - n~), h<z<H.  
Here h,,, = kw/kb is the index of refraction in the water, and nb= 1 is the (real) index of 
refraction in the bottom. The ancillary conditions corresponding to Eqs. (4)-(6) will remain 
the same. A solution to Eq. (14) which satisfies Eqs. (4) and (5) is 
sin (etz), 0 < z < h, 
+(z, y,,) = sin (e~h) sin [13(z - H)], h < z < H. 
sin [[3(h - H)] 
where 
a [k~ + kT,(~/~ 1)1 ''2 and [3 ' ' .... = " - = [kT,'Ym]- 
are the vertical wave numbers in the water and sediment, respectively. The eigenvalues y,, are 
determined by enforcing Eq. (6). Hence, the ~/,, must satisfy the characteristic equation 
sin (o~h) cos [[3(h - H)] p,,. cos (cxh) sin [[3(h - H)] 
pb 
=0.  
It is clear in this simple case that if ~ were not zero we would be faced with the nontrivial 
task of finding the solutions of the characteristic equation in the complex plane. When the sound 
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speed in the water column is general, constructing the characteristic equation and finding its 
complex solutions are significantly more complicated. In considering the complex eigenvalue 
problem, the following observation was made. In order to obtain a discrete approximation to
the continuous eigenvalue spectrum and hence represent the interaction with the sediment layer, 
we used many more modes than would normally be needed in a range-independent calculation. 
Given that we are working with a large number of modes, why not use the available modes, 
taken from the simple case just presented, to construct he modes of the more complicated 
problem? This is the thrust of Galerkin's method. 
The solutions %, of the characteristic equation above, where e = 0, are real and can be 
found easily by bisection on the real line. The corresponding real eigenfunctions +(z, "y,,) will 
be normalized to satisfy the orthogonality relation 
9-~z) +(z, ",/.,)+(z, 3',,) dz = g..,.. 
The same notation is retained for the normalized eigenfunctions. 
We are now prepared to apply Galerkin's method. Equation (3) can be written as 
(L0 + AL)y = hy, (15) 
where 
n;  - nz,(z), 0<z  < h, 
AL = -~ i ,  h <z  <H,  
is a multiplication operator which is the difference between L and Lo. We attempt to construct 
a solution to Eq. (15) of the form 
M 
6(z, X) = ~'~ u.+(z,  %,), (16) 
n=]  
where the u, are to be determined. The suitability of the +(z, "y,,) for constructing the ~b(z, h) 
is enhanced by the fact that both sets of functions have the same discontinuity in the derivative 
at z = h. Substitution of ~b(z, X) into Eq. (15) yields 
M M 
Z ,,,,Iv,,+,, + AL+.) = X ,,.+., 
17 = I i i  ~ ] 
where ~,, = 0(z, ",/,). Multiplying by +,,, and applying the orthogonality relation yields the 
matrix eigenvalue problem 
Cu = hu, (17) 
where u is an M × 1 vector containing the u,,, and C is an M × M matrix containing 
fl ~ 1 c ...... = -y,,~ ...... + ~ +,,, AL+,, d:. 
Note that the diagonal elements of C are just the Born approximates of the eigenvalues. The 
complex eigenvalues h,,, and corresponding complex eigenvectors u,,, for Eq. (17) are calculated 
by using the QR algorithm[14]. Each eigenvector u,, is normalized by dividing it by the sum 
of the squares of its elements. The normalized eigenvectors u,,, are then inserted into Eq. (16) 
to construct he eigenfunctions 6(-. h,,,) needed for the stepwise-coupled-mode solution. The 
eigenvalues, h,,,. of the matrix C are the ones used in the stepwise-coupled-mode solution. 
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Zo=18m+ \1495m/sec ! 
I \ Pw=1"~ gm/cm' 
nnm| \1505m/sec~ ~ mi~ ~ ~ ~ m h1=1""'" 
'. =.01~,~,,~J 
H=1100m ~c,  = ! 704.5m/sec I /cm 3 
Fig. 2. Shallow-water upward-refracting waveguide with bottom roughness. The value ~ = .018324 corresponds 
to .5 dB per wavelength in attenuation. 
3. NUMERICAL  EXAMPLES 
The test problem is shown schematically in Fig. 2. The patch of bottom roughness hown 
in the figure extends from 5-10 km and consists of steps which are 10 m high, 50 m long, and 
50 m apart (10 steps per kilometer). The source (25 Hz) is at a depth of 18 m, and the receiver 
is at 50 m, The sound speed in the water column varies from 1495 m/s at the top to 1505 
m/s at the bottom. The wavelength in the water is approximately 60 m. The variation of c,,(z) 
with depth is such that n~(z) is a linear function of z. The sediment density is sufficiently large 
(Pb = 2.5 gm/cm 3) to produce asubstantial impedance mismatch at the water-sediment i erface. 
Hence, we can expect significant scattering due to bottom roughness. 
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Fig. 3. Transmission loss in an upward-refracting flat-bottom waveguide. The solid curve s~,as computed by 
using stepwise-coupled modes based on Galerkin's method. The symbols .~ docation) were obtained by using 
a complex normal mode calculation with Airy functions. The source is at 18 m, and the receiver is at 50 m. 
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Fig. 4. Transmission loss in an upward-refracting waveguide with a patch of roughness between 5 and 10 km 
(solid curve) an upward-refracting waveguide with a flat bottom (dotted curve). The source is at 18 m, and the 
receiver is at 50 m. 
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In all coupled-mode calculations presented here, 28 modes were used. The first two modes 
propagate predominantly in the water and, consequently, are the modes responsible for carrying 
the energy which propagates to long range. The two waterborne modes correspond to the 
"'trapped modes" used in a standard normal mode calculation. The rest of the modes ("untrapped 
modes") penetrate deeply into the bottom and hence are rapidly attenuated. The untrapped 
modes provide a discrete approximation to the continuous pectrum. 
Before giving results for the rough-bottom waveguide, we first discuss a numerical accuracy 
test of Galerkin's method as used here in the stepwise-coupled-mode calculations. Figure 3 
shows transmission loss for a flat-bottom waveguide calculated with stepwise-coupled-modes, 
based on Galerkin's method, and with an exact complex normal-mode program[14], based on 
Airy functions. The stepwise-coupted-mode program assumed a uniform depth in the waveguide 
and used the real eigenfunctions for the isovelocity problem described in Section 2 to construct 
the complex eigenfunctions and eigenvalues. The complex normal-mode program used Newton's 
method in the complex plane to find the complex eigenvalues. (Note: In order for Newton's 
method to converge, extremely good initial estimates are needed for the complex eigenvalues.) 
The precise agreement between the two different approaches indicates that Galerkin's method 
is quite accurate. 
In Fig. 4 transmission loss for a rough-bottom waveguide is compared to a reference 
solution for a flat-bottom waveguide. Both waveguides have an upward-refracting sound-speed 
profile. Relative to the reference solution, the loss for the rough bottom is significantly larger. 
In the smooth region beginning at 10 km the loss curve for the rough-bottom waveguide returns 
to a two-mode interference pattern but is offset downward. Tb, us the patch of roughness causes 
a net loss of energy. In Ref. [9] it is shown for an isospeed waveguide with a penetrable bottom 
that roughness causes energy to be scattered out of the waveguide and into the bottom. Figure 
4 shows that even with upward refraction the same thing can happen: bottom roughness couples 
modes trapped in the waveguide to untrapped modes which penetrate deeply into the bottom 
where they are absorbed. 
So far we have considered only waveguides with an upward-refracting profile in the water 
column. As a last example we consider the transmission loss for a rough-bottom waveguide 
with and without an upward-refracting profile. Figure 5 shows a comparison between the 
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Fig. 5. Transmission loss in a waveguide with a patch of roughness between 5 and 10 km and an upward- 
refracting profile (solid curve) vs a waveguide with the same roughness but with an isovelocity water column 
(dotted curve). The source is at 18 m, and the receiver is at 50 m. 
waveguide described in Fig. 2 and a similar waveguide but with a constant sound speed of 1500 
m/s in the water column. Past the 5-km patch of roughness the loss with the upward-refracting 
profile is about 1 dB less than with the constant-speed profile. The effect of upward refraction 
is to trap energy slightly higher in the waveguide and thereby slightly reduce the insonification 
of the bottom roughness. With upward refraction the acoustic energy "sees" the roughness 
more dimly, so that less energy is scattered out of the waveguide. For only 5 km of roughness 
the difference between the two curves is not significant. Note, however, that if the two curves 
diverge by 1 dB for each 5 km of roughness, after 50 km they will differ by 10 db. Thus we 
see that for a rough-bottom waveguide the cumulative ffect of refraction can be substantial. 
4. SUMMARY 
A method has been described for extending the method of stepwise-coupled modes to an 
ocean with a general depth-dependent sound-speed profile. The eigenvalues of the depth-de- 
pendent wave operator were obtained by using Galerkin's method, so that the search for complex 
eigenvalues was replaced by a matrix eigenvalue problem. The eigenvalue decomposition of
the depth-dependent wave operator converted the elliptic wave equation into a system of linear 
algebraic equations which was solved to obtain the elliptic solution. The accuracy of the solution 
was tested by comparing it with an exact solution based on Airy functions. 
Two examples with physical importance were discussed. The first showed that bottom 
roughness can cause significant energy loss due to scattering of sound out of the waveguide. 
The second example demonstrated that rough-bottom scattering is reduced by upward refraction 
in the water column. 
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